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Magnetosphere-ionosphere coupling is a particularly important process that regulates
and controls magnetospheric dynamics such as storms and substorms. However, in
order to understand magnetosphere-ionosphere coupling it is necessary to understand
how regions of the magnetosphere are connected to the ionosphere. It has been
proposed that this connection may be established by firing electron beams from satellites
that can reach an ionospheric footpoint creating detectable emissions. This type of
experiment would greatly aid in identifying the relationship between convection processes
in the magnetotail and the ionosphere and how the plasma sheet current layer evolves
during the growth phase preceding substorms. For practical purposes, the use of
relativistic electron beams with kinetic energy on the order of 1 MeV would be ideal
for detectability. However, Porazik et al. (2014) has shown that, for relativistic particles,
higher order terms of the magnetic moment are necessary for consideration of the
ionospheric accessibility of the beams. These higher order terms are related to gradients
and curvature in the magnetic field and are typically unimportant unless the beam is
injected along the magnetic field direction, such that the zero order magnetic moment
is small. In this article, we address two important consequences related to these higher
order terms. First, we investigate the consequences for satellites positioned in regions
subject to magnetotail stretching and demonstrate systematically how curvature affects
accessibility. We find that curvature can reduce accessibility for beams injected from the
current sheet, but can increase accessibility for beams injected just above the current
sheet. Second, we investigate how detectability of ionospheric precipitation of variable
energy field-aligned electron beams could be used as a constraint on field-line curvature,
which would be valuable for field-line reconstruction and/or stability analysis.
Keywords: beam injection from space, field-line mapping, accessibility, loss cone, field-line curvature,
energy-variable accelerator

Frontiers in Astronomy and Space Sciences | www.frontiersin.org

1

August 2019 | Volume 6 | Article 56

Willard et al.

Curvature and Relativistic Beam Experiments

1. INTRODUCTION

it was shown that the dependence on field-line curvature in the
higher order terms of µ has a substantial effect on the loss cone.
There are two important consequences of this fact that we discuss
in this paper.
First, the fact that the loss cone is reduced by increasing
field-line curvature is highly relevant in the case of satellites
positioned near the equatorial plane at midnight local time. The
magnetotail stretches during times of increased activity, which
may cause the field-line curvature at the position of the satellite
to increase significantly. However, the activity in these regions
is relevant to understanding the magnetosphere-ionosphere
connection. Therefore, it is useful to systematically examine
how field-line curvature affects ionospheric accessibility in the
regions under consideration in order to determine magnetotail
configurations that would permit the technique to be used
successfully without a significant reduction of beam precipitation
due to curvature effects.
A second important consequence of this study is the
possibility to infer field-line curvature by varying the energy of
the beam. The curvature is an important variable that describes
magnetotail stretching and current sheet thickness. As such, it
would be particularly useful for considerations of stability of
the magnetotail to ballooning instability and/or reconnection.
For example, if the magnetic field curvature is known, it would
provide a significant constraint of magnetotail equilibria and
therefore could potentially be used to constrain equilibrium
models used for stability analysis (Cheng, 1995; Cheng and
Zaharia, 2004).
A relatively simple threshold condition relating beam energy
and curvature can be obtained when the accelerator is aimed in
the direction of the magnetic field. For field-aligned electrons,
Gardner’s formula takes the simple form:

Plasma sheet transport is primarily driven by coupling of the
magnetosphere and solar wind and has distinctly different
behavior based on the orientation of the interplanetary magnetic
field (IMF) with respect to the earth’s dipole field (Wing et al.,
2014, and references therin). Under northward IMF conditions,
plasma convection weakens and transport may be dominated by
turbulent flows (Borovsky and Funsten, 2003; Wang et al., 2010;
Merkin et al., 2013). Under southward conditions, convection
is stronger and may involve localized transient flows moving
earthward (Angelopoulos et al., 1992; Sergeev, 2005; Birn et al.,
2011; Wiltberger et al., 2015). Although transport of flux from
the dayside to the nightside can be steady under southward IMF
conditions, return of the flux to the dayside can be inhibited
leading to the storage of flux in the plasma sheet and eventual
release through substorms (Akasofu, 1964).
Observations in the ionosphere can provide insight into
convection processes in the magnetotail (Sergeev, 2005; Bristow,
2008; Nishimura et al., 2010). The electric field responsible
for magnetotail convection maps into the ionosphere (Ridley
et al., 1998; Ruohoniemi and Baker, 1998) and auroral displays
result in regions where flows twist magnetic fields, leading to
field-aligned currents and electron precipitation. Diffuse particle
precipitation detected by low altitude satellites can also provide
a global picture of the plasma populations in the magnetotail
(Wing and Newell, 1998; Wing et al., 2005; Wing and Johnson,
2009). However, connecting these ionospheric observations with
magnetotail processes is complicated because the magnetic field
mapping is not known precisely (Willis et al., 1997a,b). In
order to understand the causal relationship between ionospheric
observations and events/populations in the magnetosphere, it
is necessary to map field-lines in the magnetosphere to their
ionospheric footpoints. The use of empirical or MHD modeling
techniques has made it possible to infer the mechanisms behind
ionospheric observations; however, these results still involve
significant uncertainty.
Having satellites configured with an electron beam generator
is a promising method to map regions in the magnetosphere
to the ionosphere by firing electrons into the loss cone and
observing the precipitation from the ground (see Sanchez et al. in
review). Experiments involving the artificial injection of electrons
along magnetic field-lines in the magnetosphere has already
shown feasibility of detecting electron beams (Winckler, 1980).
However, it has been theorized (Neubert and Banks, 1992) that
relativistic electron beams would be more stable than the beams
used in these experiments (which had energies up to 40 keV)
due to the higher relativistic mass and lower beam density. It is
also suggested by simple linear analysis that relativistic beams
traveling through the magnetosphere are stable to two-stream
instabilities (Galvez and Borovsky, 1988), and relativistic beams
entering the ionosphere are stable to resistive hose, ion hose, and
filamentation instabilities (Gilchrist et al., 2001). Nevertheless,
relativistic beams do come with their own issues, as discussed
by Porazik et al. (2014), due to the fact that the first adiabatic
invariant will not necessarily be conserved to zeroth order. Using
a second order asymptotic expansion derived by Gardner (1966),
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µ = µ̄ρ 2 κ 2

(1)

where ρ = γ mv/qB, µ̄ = γ mv2 /2B, and κ is the magnitude
of the field-line curvature, given by κE = (b̂ · ∇)b̂ where
E /B. Field-aligned electron beams are therefore expected to
b̂ = B
precipitate if
ρ 2 κ 2 < B/Bi

(2)

where Bi is the magnitude of the field at the ionospheric
footpoint. These beams can therefore be used to obtain
information about the field-line curvature at the launch position.
If precipitation of the beam is observed, then it must be true that
Rc > ρ

r

Bi
B

(3)

where Rc = 1/κ. Although obtaining a lower bound on the
radius of curvature may be useful, this relationship seems to
reveal an opportunity for directly measuring the curvature if the
accelerator is capable of varying the energy of the beam. If all of
the particles are fired exactly in the direction of the field, then
one would only need to increase the energy until precipitation
is no longer observed, indicating that the above inequality is no

2
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√
longer satisfied and Rc = ρ Bi /B. However, no accelerator will
be capable of firing every electron exactly in the direction of the
field. It must be shown that, for an electron beam aimed in the
E and having some pitch angle spread 1, the fraction
direction of B
of particles simultaneously fired that are in the loss cone
√ will
significantly decrease at the critical energy where ρ = Rc B/Bi
in order to fully validate this concept.

where  = qB/m. Note that  is the non-relativistic
gyrofrequency and the √
actual gyrofrequency is /γ . Ec is
the energy where ρ = Rc B/Bi , and is therefore the threshold
energy above which electrons having initial velocity exactly
E will not precipitate in the ionosphere. For the sake
aligned with B
of simplicity, we will suppose that the instantaneous density of
the beam is normally distributed in α with standard deviation σ :
2

2. METHODOLOGY

n(α) = √

At a given energy and initial launch position, we will express
the initial velocity of electrons by the angles (φ, α), which are
defined by:
tan(φ) =
cos(α) =

Z

(4)

0

vB

1
√ )
σ 2

(9)

2π

Z

1
0

n(α)dαdφ = 1

(10)

Given a beam energy and initial launch position, the fraction of
particles instantaneously fired from the beam that are in the loss
cone can be determined simply by drawing a sufficiently large
number of pairs (φ, α) from this distribution and computing the
fraction of those pairs that are in the set LC.

where N̂ and N̂b are the normal and bi-normal vectors of the
field line at the launch point, respectively. Note that φ and α are
merely the azimuthal and lateral angles in conventional spherical
E . Given an initial
coordinates where the z-axis is aligned with B
launch position xE, a beam energy E, and initial velocity defined
by the pair of angles (φ, α), we denote the value of the magnetic
moment for electrons given by Gardner’s formula by µ(Ex, E, φ, α).
We then define the loss cone as the set:
o
n
(5)
LC(Ex, E) = (φ, α) µ(Ex, E, φ, α) ≤ γ mv2 /2Bi

3. RESULTS
In order to systematically investigate the consequences of tail
stretching for beam accessibility, we calculate A on the midnight
meridional plane using the Tsyganenko 1989 model (Tsyganenko,
1989) with Kp ranging between 1 and 7, where we assume a
1 MeV beam (see Figure 1). Field-lines are also shown so that
the changes in the field-line curvature can be seen visually. As
Kp increases, it is visibly apparent that the field-line curvature
increases on the equatorial plane and decreases away from the
equatorial plane. The dark regions indicate regions of relatively
small A, which implies low beam accessibility. For Kp = 1 and
Kp = 2, A is smallest in regions where field-line curvature is
greatest. However, for Kp > 2, this trend is broken for X < −7RE .
In these cases, A is seen to be large on the equatorial plane, and
essentially vanishes in regions immediately above and below the
equatorial plane. This reduction in accessibility is due to terms
in Gardner’s formula that depend on ∂κ/∂n or ∂κ/∂s, where
∂/∂n = N̂ · ∇ and ∂/∂s = b̂ · ∇. If the higher order derivatives
of the curves are large, then these terms increase µ so that A
is significantly reduced. However, for |Z| > 1RE , A consistently
increases as Kp increases due to the reduction of field-line
curvature in these regions.
It should be noted that although the equatorial µ in these cases
can be consistent with ionospheric precipitation, it is unlikely in
this case that µ is actually conserved through the dark regions
just above the equatorial regions where A vanishes. As mentioned
previously, A is only a reflection of beam accessibility if µ
is conserved to second order. However, high gradients in A
conflict with the assumption that µ is conserved, implying that
electron beams are not generally accessible to the ionosphere
when launched from any region equatorward of the region of
low accessibility. In other words, if a particle were to move along
the field line from the equatorial plane into a dark region, there

If µ is conserved to second order, ionospheric accessibility at a
given energy and launch position can be expressed through the
surface area of the loss cone in velocity space, given by
Z
A(Ex, E) =
sin(α)dαdφ
(6)
LC(Ex,E)

see the Appendix for a detailed explanation of how A may be
computed most efficiently. If µ is not conserved to second order,
then A can not be expected to represent ionospheric accessibility.
This fact is especially important in the case where A is not
monotonic along field-lines. In many of these cases, A will change
sharply along the field-line, which conflicts with the assumption
that µ is conserved to second order. For this reason, we will
consider an alternative accessibility metric to A:
o
n
(7)
A⋆ (Ex, E) = min A(Ey, E) Ey ∈ X

where X is the set of points containing the point xE that all
lie on the same field-line and lie between the point xE and the
ionospheric footpoint.
In order to validate the idea of using variable energy
accelerators to measure field-line curvature, we must investigate
the accessibility of field-aligned beams near the critical energy,
defined by:
s


2 R2 B
2
Ec = mc
−1
(8)
1+ 2 c
c Bi
Frontiers in Astronomy and Space Sciences | www.frontiersin.org

2π 3 σ erf(

where 1 is the pitch angle spread of the beam. One can check that
this distribution satisfies the normalization condition:

Ev · N̂

Ev · N̂b
E
Ev · B

exp −α
2σ 2

3
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FIGURE 1 | A plotted over midnight local time for various Kp assuming a beam energy of 1 MeV: (A) Kp = 1, (B) Kp = 2, (C) Kp = 3, (D) Kp = 4, (E) Kp = 5,
(F) Kp = 6, (G) Kp = 7. Blue curves represent field-lines that intersect chosen values of X on the equatorial plane. Darker and lighter regions indicate regions with
smaller and greater values of A, respectively. Note that A is not expected to reflect accessibility at the equatorial plane for high Kp .

would be no path of accessibility from that dark region to the
ionosphere that conserves magnetic moment. For this reason,
A⋆ is a better reflection of beam accessibility (see Figure 2).
From this figure, it is more clearly seen that accessibility at the
equatorial plane decreases as Kp increases. It should be noted
that there may be paths of accessibility for particles for which
the magnetic moment is not conserved, but such precipitation
cannot be predicted reliably due to the chaotic nature of orbits in
the plasma sheet (Chen et al., 1990).
If µ is conserved to second order, then a beam fired with
pitch angle α that precipitates in the northern hemisphere is
also expected to precipitate in the southern hemisphere if the
pitch angle were instead chosen to be π − α. However, in the
same way that µ is not expected to be conserved for electrons
fired from the equatorial plane, µ is likewise not expected to
be conserved for electrons passing through the equatorial plane.
Therefore, although electron beams away from the equatorial
Frontiers in Astronomy and Space Sciences | www.frontiersin.org

plane are reliably accessible to at least one of the two hemispheres,
the beams cannot be simultaneously accessible to both the
northern and southern hemispheres when the tail is stretched.
This consequence must be taken into consideration if ground
observers are not stationed at locations both in the northern
and southern hemispheres. It should also be noted that this
limitation is not seen for non-relativistic beam experiments
(Winckler, 1980) or for experiments involving satellites in
geosynchronous orbit.
Figure 3 shows the fraction of particles fired into the loss cone
in the case of a field-aligned beam with realistic beam spread
1 = 0.005 (see Sanchez et al. in review), with σ = 1/3, and for
energies above and below the Ec . All other parameters are chosen
to correspond with a satellite positioned on local time midnight,
at the equatorial plane, and at a radial distance of 8 RE with
Kp = 1. It is seen that the fraction of particles in the loss cone
decreases significantly at Ec . If µ is conserved to second order,
4
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FIGURE 2 | A⋆ plotted over midnight local time for various Kp assuming a beam energy of 1 MeV: (A) Kp = 1, (B) Kp = 2, (C) Kp = 3, (D) Kp = 4, (E) Kp = 5,
(F) Kp = 6, (G) Kp = 7. Blue curves represent field-lines that intersect chosen values of X on the equatorial plane. Darker and lighter regions indicate regions with
smaller and greater values of A⋆ , respectively.

issue is not seen for launch positions where |Z| > 1RE , it may
still be possible to use relativistic beams to map field-lines from
the ionosphere to locations near the plasma sheet. This result
validates one aspect of the idea that electron beams may be
used to study the relationship between plasma sheet dynamics
and observations in the ionosphere. Alternatively, our results
generally suggest that relativistic electron beams could be used
to map field lines within geosynchronous orbit for a wide range
of geomagnetic conditions.
For field-aligned beams, we have shown that the fraction of
particles that precipitate in the ionosphere decreases sharply
around Ec . If the accelerator were capable of varying the beam
energy from below Ec , ground observers would be able to detect
the change in precipitation at Ec and would therefore be able to
infer the field-line curvature (see Powis et al., in review, for details
surrounding ground observations of electron beam experiments

then it follows that the fraction of particles that precipitate in
the ionosphere should be expected to decrease significantly at
this threshold.

4. CONCLUSIONS
The results above suggest that as the magnetotail is stretched
and magnetic curvature increases there will be a reduction of
accessibility in the equatorial plane |Z| < 1RE and an increase of
accessibility in regions where |Z| > 1RE where µ is expected to
be conserved. In these regions, increasing Kp corresponds with
increasing A⋆ in all cases, indicating that ionospheric accessibility
is increased when the tail is stretched and field-line curvature
is reduced. These results show that tail stretching may create
difficulty in performing electron beam experiments if the satellite
is positioned on the equatorial plane. However, because this
Frontiers in Astronomy and Space Sciences | www.frontiersin.org
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FIGURE 3 | The fraction of particles fired into the loss cone plotted against beam energy in the case of a field-aligned beam with 1 = 0.005, σ = 1/3. Ec is
represented by the blue line.

the beam itself, which may have the effect of scattering electrons
out of the loss cone even if they are initially fired into it. However,
calculations carried out by Glauert and Horne (2005) seem to
show that pitch angle scattering based on typically observed
wave amplitudes is not significant for relativistic electrons with
small initial pitch angle that interact with whistler mode, EMIC,
and Z mode waves. In these cases, no bounce-averaged diffusion
coefficient was determined for electrons with small initial pitch
angle since these electrons were not immediately scattered out
of the loss cone, which indicates that wave particle interaction
would not be a significant effect for electron beams fired with
small pitch angle. Nevertheless, Glauert and Horne’s calculations
do not show that this is generally the case for beams fired into
the loss cone, and further investigation of beam stability and
wave saturation is required in order to completely rule out the
significance of this effect on the overall accessibility.

in general). The ability to directly measure aspects of the fieldline geometry would be a substantial aid in constraining models
of the magnetic field of Earth’s inner magnetosphere. In addition
to measuring curvature, the arc length of field-lines between
the launch and precipitation points may be directly measured
using low energy keV field-aligned beams. In this case, µ is
well approximated by the zeroth order term, so vk ≈ v. The
total distance that the electrons travel is therefore equal to the
arc-length of the field-line. The ability to measure both the arc
length and curvature of field-lines in the magnetosphere using
a single satellite is a very attractive opportunity, and our results
demonstrate that the issue of using this kind of information to
properly constrain models is a topic worthy of extensive study
(see Willard et al. in review).
These results do not provide insight into situations
involving magnetic fields that are not well described by the
Tsyganenko 1989 model, which could occur in a turbulent or
reconnecting plasma sheet where small-scale curvature could be
found. However, we expect that such configurations offer less
accessibility than that described by the Tsyganenko model. These
results also do not provide insight into how the accessibility may
be affected by waves found in the magnetosphere or created by

Frontiers in Astronomy and Space Sciences | www.frontiersin.org
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A. APPENDIX
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The angular coordinates used to formalize the concept of
loss cone surface area, although useful for the purpose of
describing the concept, are not the preferred coordinates to
use when calculating A. For this purpose, it is convenient
to apply a coordinate transformation (λ, β) = T(φ, α), where
the initial velocity corresponding to the angles (λ, β) satisfy
the relations:
vE · ê1
Ev · ê2
Ev · vE0
cos(β) = 2
v
tan(λ) =

(A1)

The precise choice of unit vectors ê1 and ê2 is not important so
long as ê1 · ê2 = 0. This degree of ambiguity merely corresponds
to a phase offset in the angle λ. For this analysis, we make the
choice that λ = 0 should correspond to velocities where Ev · N̂ = 0
E × ∇B > 0.
and Ev · B
In the original coordinate system, it was found by Porazik et al.
that a given angle φ may correspond with two different points
on the loss cone boundary. Conveniently, this is not a feature of
these new coordinates, and one can check that every point on the
loss cone boundary has a unique value of λ. This fact makes the
integral A far more straight forward to calculate. In these new
coordinates, the integral takes the form

where Ev0 = vê1 × ê2 is the initial velocity of the trajectory having
µ = 0. Note that, like the previous coordinate system, this is
nothing more than a conventional spherical coordinate system
where the z-axis is aligned with a particular direction. In this case,
λ and β are azimuthal and lateral angles for a spherical coordinate
system with the z-axis aligned with Ev0 . As described by Porazik
et al. (2014), Ev0 is not exactly aligned with the magnetic field and
will always have a perpendicular component that is aligned with
the drift. The transformation T is therefore simply a rotation of
the system about the normal axis N̂ by an angle α0 such that
E /vB. Setting v̂0 · N̂ = 0 in Gardner’s formula, α0
cos(α0 ) = vE0 · B
can be easily computed by solving
K12 − K3 + K4 w4 + K2 − 2K1 w3 + 1 + K3 − 2K1 w2


+ 2K1 w + K12 = 0




2

A=

2π
0



1 − cos(βb (λ)) dλ

(A4)

where µ = γ mv2 /2Bi when (λ, β) = (λ, βb (λ)). The above
expression can be very easily approximated with high precision
using the trapezoidal rule.

(A2)

where w = sin(α0 ) and
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